
Worked Example for Cross-Sectional SWGRT with Block-Worked Example for Cross-Sectional SWGRT with Block-
Exchangeable Correlation Decay Structure 

This calculator will use the parameter estimates you have provided to calculate the 
required sample size of groups or clusters per treatment sequence for the intervention 
effect and the level of power that you specified. 

In addition, the calculator will use the other parameter estimates to calculate the detectable 
difference 𝛥 that you specified as a function of the number of groups or clusters 𝑔 in each 
treatment sequence and the number of members 𝑚 in each group or cluster as described 
below. 

The models and expressions described below are based on Hooper et al. (2016), Kasza, 
Hemming, et al. (2019), Kasza, Taljaard, and Forbes (2019), Kasza et al. (2020), and 
Hemming et al. (2020). 

1 Individual-Level Model 

Let 𝑇 be the total number of time periods including baseline. Let 𝑌𝑖𝑘𝑡 be a continuous 
outcome for the 𝑖th member (𝑖 = 1, … , 𝑚) nested within the 𝑘th group (𝑘 = 1, … , 𝑔) at time 
𝑡 (𝑡 = 1, … , 𝑇). In the cross-sectional block-exchangeable setting, a model for 𝑌𝑖𝑘𝑡 is 

𝑌𝑖𝑘𝑡 = 𝛽𝑡 + 𝜃𝑋𝑘𝑡 + 𝐺𝑘 + 𝑇𝐺𝑘𝑡 + 𝜖𝑖𝑘𝑡 (1) 

where 𝛽𝑡 is the effect of time period 𝑡, 𝜃 is the intervention effect, 𝑋𝑘𝑡 is 1 if group 𝑘 is in 
the intervention at time 𝑡 and 0 otherwise, 𝐺𝑘 is a random effect for group 𝑘, 𝑇𝐺𝑘𝑡 is a 
random effect for group 𝑘 at time 𝑡, and 𝜖𝑖𝑘𝑡 is random error. Random effects are assumed 
to be independent and distributed as 𝐺𝑘 ∼ 𝑁(0, 𝜎𝑔

2), 𝐺𝑃𝑘𝑡 ∼ 𝑁(0, 𝜎𝑡𝑔
2 ), and 𝜖𝑖𝑘𝑡 ∼ 𝑁(0, 𝜎𝜖

2). 

Let 𝜌 and 𝜋 be the intracluster correlation (ICC) and cluster autocorrelation (CAC), 
respectively. These parameters are defined as follows: 
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Murray (1998) used the same expressions shown above for the CAC but referred to it as the 
over-time correlation at the level of the group (𝑟𝑦𝑦(𝑔)). 



2 Group-Period Model 

It will be convenient to express model 1 in terms of group-period random effects at the 
individual level and then in terms of group-period means. The individual-level group-
period model is as follows: 

𝑌𝑖𝑘𝑡 = 𝛽𝑡 + 𝜃𝑋𝑘𝑡 + 𝐺𝑃𝑘𝑡 + 𝜖𝑖𝑘𝑡 (2) 

where 𝐺𝑃𝑘𝑡  is a group-period random effect for group 𝑘 at time 𝑡. Let 𝐺𝑃𝑘 =
(𝐺𝑃𝑘1, … , 𝐺𝑃𝑘𝑡)′ be the 𝑇 × 1 vector of group-period random effects. 𝐺𝑃𝑘  and 𝜖𝑖𝑘𝑡 are 
assumed to be independent and 𝐺𝑃𝑘 ∼ 𝑁(𝟎, 𝜎𝐺

2D𝐺), where 𝟎 is a 𝑇 × 1 vector of zeroes, D𝐺  
is a 𝑇 × 𝑇 symmetric matrix with diagonal elements equal to 1, and 𝜎𝐺

2 = 𝜎𝑔
2 + 𝜎𝑡𝑔

2 is the 

variation attributable to group at time 𝑡. Let D𝐺[𝑡, 𝑢] denote the (𝑡, 𝑢) element of D𝐺 . In the 
block-exchangeable setting, for 𝑡 ≠ 𝑢 we have D𝐺[𝑡, 𝑢] = 𝜋. 

Let 𝑌⋅𝑘𝑡 = ∑ 𝑌𝑖𝑘𝑡
𝑚
𝑖=1 /𝑚 be the mean outcome for group 𝑘 at time 𝑡. Then the group-period 

mean model is given by 

𝑌⋅𝑘𝑡 = 𝛽𝑡 + 𝜃𝑋𝑘𝑡 + 𝐺𝑃𝑘𝑡 + 𝜖‾⋅𝑘𝑡 (3) 

where 𝜖‾⋅𝑘𝑡 = ∑ 𝜖𝑖𝑘𝑡
𝑚
𝑖=1 /𝑚 is the mean residual error for group 𝑘 at time 𝑡. 𝐺𝑃𝑘  and 𝜖‾⋅𝑘𝑡 are 

assumed to be independent and 𝜖‾⋅𝑘𝑡 ∼ 𝑁(0,
𝜎𝜖

2

𝑚
). 

Let 𝑆 = 𝑇 − 1 denote the total number of treatment sequences. The variance of the 
treatment effect estimator 𝜎𝛥

2 can be calculated using the equation below (Kasza, Taljaard, 
and Forbes 2019; Kasza et al. 2020). 
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Here 𝐗𝑗  is a 𝑇 × 1 vector indicating treatment assignments for treatment sequence 𝑗 (𝑗 =

1, … , 𝑆), 𝐗𝑗
′ denotes the transpose of 𝐗𝑗 , and 𝐕 is a 𝑇 × 𝑇 covariance matrix of the 𝑇 × 1 

vector of outcome means at each time period for a given group 𝐘⋅𝑘 = (𝑌⋅𝑘1, … , 𝑌⋅𝑘𝑇)′. We 
assume 𝐕 is the same for all groups. 

Let 𝜎𝑌
2 = 𝜎𝐺

2 + 𝜎𝜖
2 be the total variance of the outcome not adjusted for covariates. To 

account for covariate adjustment of the total variance, we apply an adjustment to variance 
terms similar to that described by Murray (1998). Let 𝑅𝐺

2 be the proportion of variance 
explained by group-level covariates and 𝑅𝑀

2 be the proportion of variance explained by 
member-level covariates. Then 𝜎𝐺|𝑋
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group- and member-level components of variation adjusted for covariates. Let 𝐕[𝑡, 𝑢] be 
the (𝑡, 𝑢) element of 𝐕. Then, when 𝑡 = 𝑢, this element represents the variance in the 
outcome mean at time period 𝑡 and is given by 

𝐕[𝑡, 𝑡] = 𝑉𝑎𝑟(𝑌⋅𝑘𝑡) = 𝜎𝐺|𝑋
2 +

𝜎𝜖|𝑋
2

𝑚
  (5) 



When 𝑡 ≠ 𝑢, this element represents the covariance between the outcome means at time 
periods 𝑡 and 𝑢 and is given by 

𝐕[𝑡, 𝑢] = 𝐶𝑜𝑣(𝑌⋅𝑘𝑡, 𝑌⋅𝑘𝑢) = 𝜎𝐺|𝑋
2 𝐃𝐺[𝑡, 𝑢] (6) 

Finally, after calculating 𝜎𝛥
2, we can calculate the detectable difference 𝛥 using the equation 

below. 

𝛥 = √𝜎𝛥
2(𝑡𝛼/2 + 𝑡𝛽)2

Here 𝑡𝛼/2 is the t-value selected based on the two-tailed level of significance and available 

degrees of freedom, and 𝑡𝛽 is the t-value selected based on the desired power and available 

degrees of freedom. This calculator defines the degrees of freedom as the number of groups 
minus number of time periods minus 1 (Hemming et al. 2020). In addition, as per Murray 
(1998) we also subtract the degrees of freedom used for group-level covariates. 

3 Example: Block Exchangeable Structure 

As an example, consider the following set of parameter estimates: 

Let 𝑚 = 10, 𝑔 = 10, 𝑇 = 4, 𝑆 = 3, and 𝑑𝑓𝑔 = 1, where 𝑑𝑓𝑔 are the degrees of freedom used 

for group-level covariates. Then 

𝑑𝑓 = (𝑔𝑆) − 𝑇 − 1 − 𝑑𝑓𝑔 = 10 ∗ 3 − 4 − 1 − 1 = 24 

For a two-tailed type 1 error rate of 5% and power of 80% 

𝑡𝛼/2 = 2.0639 and 𝑡𝛽 = 0.8569 

Let 𝜎2 = 1.0, 𝜌 = 0.05. 

Let 𝑅𝐺
2 = 0 and 𝑅𝑀

2 = 0.30. 

Let 𝜋 = 0.50. Assume a block-exchangeable correlation structure. 

𝐗1
′ , 𝐗′

2, and 𝐗3
′ are the first, second, and third rows, respectively, of the following matrix of 

treatment sequences: 

[
0 1 1 1
0 0 1 1
0 0 0 1

] 

The matrix 𝐃𝐺 is as follows: 

𝐃𝐺 = [

1 0.5 0.5 0.5
0.5 1 0.5 0.5
0.5 0.5 1 0.5
0.5 0.5 0.5 1

] 



Using the values given above, 

𝜎𝐺|𝑋
2 = 𝜌𝜎2(1 − 𝑅𝐺

2) = 0.05 ∗ 1 ∗ (1 − 0) = 0.05

𝜎𝜖|𝑋
2 = (1 − 𝜌)𝜎2(1 − 𝑅𝑀

2 ) = 0.95 ∗ 1 ∗ (1 − 0.30) = 0.665

Using these results with equations 5 and 6 and yields the following for matrix 𝐕: 

𝐕 = [

0.1165 0.0250 0.0250 0.0250
0.0250 0.1165 0.0250 0.0250
0.0250 0.0250 0.1165 0.0250
0.0250 0.0250 0.0250 0.1165

] 

Using 𝑔, 𝑆, 𝐗𝑗  (𝑗 = 1, 2, 3), and 𝐕 in equation 4 for 𝜎𝛥
2 we find 𝜎𝛥

2 = 0.0085. Finally, the 

detectable difference 𝛥 is determined to be 

𝛥 = √𝜎𝛥
2(𝑡𝛼/2 + 𝑡𝛽)2

= √0.0085 ∗ (2.0639 + 0.8569)2

= 0.269

Given the parameter estimates for the proposed SWGRT, with 4 time intervals and 3 
sequences, with 10 groups or clusters in each sequence and 10 members observed in each 
group or cluster, an intervention effect of 0.269 standard deviation units is detectable with 
80% power given an alpha level of 0.05. 
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